



































































































































Contd

Since f 9 Cauchy criterionfor uniform convergence Thu8.1.10

implies SO I H HI 2 a IN such that

11fin fill b as m nett

Suice fulxo converges Cauchy criterion for convergence

of sequence Thm3.5.5 implies

E O He H E CIN suchthat

IfmXo fu Xo m n Hz

Hence using 11

E O I H Max Hi He'seIN such that if m n H

I fm full b a b 9 E

Then Cauchy Criterion for uniformconvergence again implies

fin f for some function f R

converges uniformly to some f

Next we need to show that f is differentiable and

f G






































































































































Let CEI then mean valuethem for EI C

fm fu X fu fu c m fu z x c for some
between C

fml 1m fulx files files

Html fille
Hence E O

fmk fuk fulx fak
a for M N H

X C X C

letting m a and using fin f we have fx c

fix July1 Era for n H

Now using 3g again

forthe same 0 N NCE EIN sit

file gas E for h N

Then let K Max Hi N EIN

If gas If fr

Ifk files files gas






































































































































aka E files

Note that for the same 0 I dec 20 such that

fk files c E if clade x c

Therefore we have proved that 0 de 0 sit

It gcc s
a
E provided Ix clade

Suice 0 is arbitrary

lie exists equals gios

As CEI is arbitrary f is differentiable on I and

f 9

Interchange of Limitand Integral
Thm8.2.4 let for R ab fa n 12,3 Riemann integrable

1 for f on a b convergesuniformlyonTab to f

Then FERTA b and fig Sabf

ie for conveyes uniformly Estatesina.it






































































































































Pf By Cauchy Criterion forUniform Convergence Thus1.10
E O I H E 0 sit

if men HIE then llfm fullea.by E

ée Es fulx fulx E XE a b

Hence E b a Sabfm safe b a

ie Safin Sabful b a

Since 0 is arbitrary this implies

the seq of numbers Saba is a Cauchy sequence

i Go Ifn A exists denotedby A

E O IK E o sit

Is fn AKE fanzkle 2

And letting m o in the we have

E O I E 0 sit if nettle then

EE fix fulx E

ie fax f x E XETab 3

Now let 8 Exit Xi ti É be a taggedpartitionofTab






































































































































If R Max HCE Klet we have

Stfu 8 51 8 Effulti Xi Xii fltdlxi xi.nl

É facto f tis Xi Xi D

É fulti flti Xi Xi i

EEEXi Xi i by 13

E b a

Then

15ft D A 1515,8 Scf 8 1 156,8 Al

Ecb a 156,8 sfultlsabfu

AI.SEb at1 t1SCfn 8 Sabful by a

Finally fix an no Max HCE KCE and

using fn.GR ab deno 0 depends onnotoo sit

if 1181 de no then 154 D Sita se

Hence E O if 11811 0 no we have

f D A b att E b 9 2






































































































































Since 70 is arbitrary we have proved that

FERTAb and Stef A kiss fn

Thm8.2.5 Uniform Bounded ConvergenceTheorem

let f ERta b n1,33 Riemann integrable

for f onTab pointwise convergence

FERTAb

Bro such that 11fallen B n 12,3

ie fuk B Xe Ab n 1,33

Then fistfn Salt S feisty

Pf Omitted
Remark Thecondition in Bounded ConvergenceThin is weaker than

Than8.2.4

Thm8.2.6 Dinis Theorem

let for a b IR be a monotone seq of continuous functions

for f on ab pointwiseconvergence

1 f is continuous

Then for on a b uniform convergence
























































































Remark increasing seq n em fulx fun x XETa b
monotone

decreasing self ne m fnlx fulx XET9b

Pf Weassume for is a decreasing self Theproof issimilarfor
increasing sequence

let go fu f

Then 9h 0 decreasing continuous and

9n 0 pointwise

Different proof from the Textbook

Assume on the contrary that In 0 notuniform

Then by lemma8.1.5

I 90 0 a subset Gnp of Gn and a seq RE ab

Sit 19m14 0 Eo

Gurla Eo

Since XKE a b XK is a bounded seq
Then Bolzano WeierstrassThm Thm3.4.8 implies that

Xr has a convergence subsef Xue

let GoXke
Since ab is a closed interval ZE ab



By assumption gulz 0 as n w

i Gunelz 0 as l cs

1 0 sit

if l L then 0 9nrelz

In particular 0 9nF
For clarity of presentation denote nk by N
Then 0 9,171s

Now using continuity of 9N 9ns

69m he 9N Z since aXae z

4 0 Sit if 174 then

9N ke

Using the assumption that 9n is decreasing we have

9n Xue Snake n N hL

In particular for n Me with ls maxk.LI we have

8 9h he

which is a contradiction

Therefore gn 0 uniform convergence



Remark The approach in Textbook requires the factthat
forany given function t Oct1 0 on ab

finitely many tie a b Eli l such that

Ab C tiotti tito tis

This needs Thm5.5.5 which is notcovered inMATH2050

These two proofs use different versions of the fact that

Taib a closed bounded interval is compact

i Any sequence in a b has a subsequence converges

to some point in ab

Ii Foranyopencover of a b Laib C Y can β
where xx px are open intervals couldbe infinitelymany

has finite subcover ie

finitely many ii i 1 l suchthat

a b C Kai Bri

Detail discussion and proof are skipped



8.3 The Exponential and Logarithmic Functions

TheExponential Function

Thm8.3.1 a function E IR IR sit

I E x EX XER

II ECO 1

Pf Let E X HX

Ez X It SFE It so Ctt dt txt

Entitx It SÉEn n 12,3

Then Induction implies for all n 1,33

En X Ex

Consider a closed interval E A A ATO

Then for EEA A and ms ns 2A we have

Ema End it I

it mA since KKA

I t
s



I h t.int Anti

IT It since n 2A

2AM
Ntl

Taking sup over EA A we have man 2A

11Em EulleaA
0 as n a

Cauchy Criterion forUnifam ConvergenceThm8.1.10 implies

En x converges uniformly to some function onEAA

Since A 0 is arbitrary we conclude that

En x converges for all EIR notnecessary unifam on IR

It is because XER we can find an A 0 sit

EEA A Then the uniformconvergence on E A A

implies En x converges

Denote the pointwise limit by

E x denote legs Eulx XER

Notethat Encx It 5 En I

EnO 4 2,3 Eco 1 is clear



Hence E O HisEnco 1

Also by Fundamental Thmof Calculus 2ⁿᵈForm That3.5

and En X I 58 Eat

we have En x Eny x

A O

En
EA A Ent EA A

E
EAA

Mifune

Thenby Thm8.2.3 togetherwith Entilea O EO

we have El is differentiable and

E EAA E EAA

Since AO isarbitrary this implies E x exists EIR and

EEX EX

Cor8.3.2 The function E has derivativeofeveryorder and
x E x XEIR

Pf Easy by induction



Cor8.3.3 If 0 then EX HX

Pf From Ent It we have

mon Emix Enlx 4 70

Letting m co and take not we have

E X Enix EX Itx X 0

Thm8.3.4 E R R is the unique function satisfying

F EX XER

ECO 1

Pf Suppose that E Ez satisfy 1

Let F El Ez

Then F is differentiable and

FEE EI E EFF

F O E CO Ezo 0

Moreover induction F has derivativesof everyader

and F F 4 1,33

Hence F O FCO 0 n 1,2 3



Applying Taylor'sThm6.4.1 to F
to fax 0

a F
x o for so

we have for 0

FIX Flo Flo F
x

FY x for some CnETOXT

Since F is cts on 0 XI F is bold on TO X

i K o depends on such that

IF Ca EK kn 1,3

I FAIL K

Since Go o letting now we have Fix f0
F X 0 4 70

Similarly for so we alsohave FIX 0 x 0

All together FIX O

ie E IX Ez x

i The function E is unique



Def8.3.5 TheUniquefunction E IR IR suchthat

E x E X XER i

I E O I CII

is called the exponential function and is denoted by

ex or exp x

The number e ECI is called the Euler's number

Thm8.3.6 Exponential function E satisfies

EX 0 XER di's

Exty EX ELY XYER IN

Elr et rEQ Iv

Remarks IV justifies the use of notation e EX

e Y exet X Y EIR

In US RHS means the rational power ofthe numbere

Pf Iii Suppose on the contrarythat E 2 0 forsome LER
Since Elo 1 α 0

Let Ja closed interval to α a 12,0 depends on the

signofα

and K O such that EID EK XEJα



As E has derivative of all order Taylor's Thm6.4.1

base at d implies n1,33

ECO EK co d I 1025

E Cn 0 2 for some CnEJα

1 EKITENED EL A I C α

EYED
since ECO 1 and E E 2 1,3

By Ek O I EGG x

I n 43

0 as n b

which is impossible EQ 0 LER

Pf iv Fix y and consider the ratio

GIX Eff as a function of x

G X is welldefined since Ely 0 by cili's

GIO Eff 1



E differentiable G differentiable and

G x EEE by Chain rule

5 GA by Cis

ByThm8.3.4 GLX EX XER

i EXTY EXEY XYGR

Pf V1 Ex MATH010 level proof

Thm
8.3.71

Exponential function E is strictly increasing on IR and

E IR YER 9 0

Farther ftp.aEX 0
Vi

1 4s EX to

Pf E differentiable on IR E continuous on IR

It's proved in Iii in Thru8.3.6that EX 0 XER

i ECO 1 EX 0 XER

Otherwise intermediate value then Exo 0 fasme to

which is a contradiction



Hence E x EX 70 KXER

which implies E is strictly increasing

By Cor8.3.3 E x HX 0

LYLE X to

Using Iv if so then E X
1

4s EX f uE 0

Finally with continuity ofE and the values ofthe
limits intermediate value them implies

yo IXER sit Y EX

Therefore E R YER 9 0

graphof EX expx ex

logx

F


